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Let  be a finite positive measure on R, and let F, (c) =j??1 (dy(1)/(z—1)) be its
Stieltjes transform. A special multipoint Padé approximation problem for F,(z) is
studied, where the interpolation points are a finite number of points «,, .., 2, in R
repeated cyclically and the support of ¢ is contained in an interval bounded
by adjacent interpolation points. For the case p =23 monotone convergence of
each of the subsequences {Ps, ., (2)/Q3,+m(2)}, n1=0, 1, 2, of the multipoint Padé
approximants {P,(z)/Q,(z)} is established, and sufficient conditions (involving
general moments c¢'=[*_(dy(1)/(1—a,))) for divergence of the series
h I |Q3q+m(,‘:)|2 are given. € 1993 Academic Press, Inc.

1. INTRODUCTION

By a distribution we mean a finite positive measure {y on R with
infinite support. By its Stieltjes transform we mean the function F,(z) =
{% . (@(0)/(z—0)).

Let a,, a,, .., a, be distinct points in R, a,<a,< --- <a,. We call the
sets [a,, a,], [a», as), ... [a, _y,a,], (—oc,a]ula,, o) Stieltjes inter-
vals for the point set {a,, .., a,}. We call the distribution function ¥ a
Stieltjes distribution for the point set {a,, .., a,} if the support S(y) is
contained in a Stieltjes interval I, and all the moments

co=jld¢(z), e R (1.1)

i=1,p, =12, .,

exist. Note that S(i) may contain one or two (or none) of the points in
la,, ., a,}. . '
We later prove (in the case p=3) that when y has its support in
one Stieltjes interval I, then certain subsequences of multipoint Padé
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approximants converge monotonically on the remaining (open) Stieltjes
intervals.

When ¢, ¢}”, and a Stieltjes interval / are given, the extended Stieltjes
moment problem (ESMP) consists of finding distributions ¢ with S(y)</
such that Egs. (1.1) are satisfied. Conditions for existence and uniqueness
of solutions of the ESMP were discussed in [17]. Properties equivalent to
unique solvability were also derived. However, it was not observed that
these conditions are always satisfied when p > 3, since F, is holomorphic at
the points a, outside the Stieltjes interval 1.

For each natural number n we let r=r, be defined by 1 <r<p, n=r
(mod p), and we let g = g, be defined as the integer part [n/p] of n/p. Thus
n=gp+r. We also write a,, for a, .

In the following, ¥ is a given distribution. The Stieltjes transform £, has

the formal power series expansions

w
Fy(z)x Yy —c?\(z—a,)) at a,i=1,.,p
i=0

| (12)
F¢(z)=%+0(z*') at 0.

By the (n—1, n) p-point Padé approximant for F, we mean the (unique)
rational function U ,(z)/V,(z) with deg U, <n—~ 1, deg V, = n, which inter-
polates F, in the sense

(1.3)
U,,(Z)/V"(Z)—- Z _('}-ilI(Z—ai)i=0([z_ai]s+\)’

j=0

where s=2qg+ 1 for i<r, s=2q fori=r, and s=2g—1 for i>r.

(Here and in the following, obvious modifications of notation are
necessary when indices r+k, r—k appear where r+k>p, r—k <0
The p-point Padé approximants are special cases of multipoint Padé
approximants {MPA). For existence of the MPA, see Section 2.)

For general information on multipoint Padé approximants, see, e.g.,
[1-3, 8, 10-12, 18, 20].

Let S(y)< 1, I a Stieltjes interval. In this paper we discuss a general
method for obtaining monotonic convergence of subsequences on intervals
J°, where J are Stieltjes intervals disjoint from 7. The methods of proof do
not work when the suppert of ¥ is only contained in some union (not a
single) of Stieltjes intervals. We give specific results for the case p=3, and



P~POINT PADE APPROXIMANTS 151

use these to obtain conditions for divergence of subseries of the series
Y>> ,10,(2)?, where Q,(z) are the normalized orthogonal rational
functions associated with the approximation problem (see Section 2).

Our approach is based on arguments employed by Karlsson and
von Sydow [9] in the ordinary Padé approximation situation (i.e.,
interpolation at o0). See also [4] where the ordinary two-point situation
(i.e., interpolation at oo and 0) is discussed.

2. ORTHOGONAL RATIONAL FUNCTIONS AND MPA
Let #=%({a,, .., a,}) denote the linear space of all rational functions

with no poles in the extended complex plane C outside {a,, .., a,}. Thus #
consists of all functions of the form

R(z)=0ap+ Z Z

i=1j=1 "_

oy, o, €C. (2.1)

The Stieltjes distribution ¢ defines an inner product {, > on # by
(RS> = RUYSTD) s (22)

By applying the Gram-Schmidt procedure to the sequence

{1 1 1 1 1 1 }
‘z—a” " z—a, (z—a,)? T (z—a,) (z—a,))" "

we obtain a monic orthogonal sequence {S,} in #. The functions S, may
be written as

S.(z)=V,(2)/N,(z), (2.3)
where

Ny =(z—a )t o (z=a) c—a,, ) (z—aq,)  (24)

and V, is a polynomial of degree n. (For the meaning of ¢ and r, see
Section 1.) We may also write

ﬁln) ﬂ(nl (n)] 1
)_ﬂ(n) L AT n_ + R
l Z_ap (z_ar—l)q+] (z_ar)q+l

(2.5)
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The associated functions R, are defined by

R,(z)=

[ 2= gy, 26)

I

The functions R, belong to # and may be written in the form

R, (z)=U,(2)/N,(z), (2.7)

where U, is a polynomial of degree at most n — 1. We denote by P, and
Q, the normalized functions, i.e.,

P,(2)={S,I "R,(z),  Q.(z)=[S,I7"S,(2) (2.8)

The rational functions U, (z)/V,(z)= R, (z)/S,(c) are MPAs for F, in the
sense that Eqs. (1.3) are satisfied. (See [15].)

The error term E, (z,)=R,(z)/S,(z)— F,(z) may be written in the
form.

1 J’ S, (1)

En(:a w):m ,

papdy) (29)

d(1). (2.10)

s
E (- )= )zf (r— a) ,,(t)

(:—a

(See [17].)

The zeros of S, are simple and lie in /. (See [16]. A slight modification
of the argument given there shows that this result holds also when

=(—o0,a,]u[a,, x).) It follows in particular that the coeflicient "
in (2.5) is different from zero.

We make use of the fact that the functions R, (z)/S,(z) are the
approximants of a continued fraction K _,(a,(z)/b,(2)), where the
elements have the form

C C,
a(z)=—=—, a(z)=
I—a '_a')
. (2.11)
an(y =SBl o sy,
z—a,
A +B/(z—a A,(z—a)+ B
b,(z): § l( l)’ bz(:): _( - l) 2’
Z—a, Z—d4a;
) . (2.12)
h"(:)z n("_an—l)+ 71(4—‘1'1 2) for n>3

Zi—d,
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Here the coefficients A4,, B,, C, are given by

{)2)
4,=1, A,= (])s
(2.13)
A _ (n)Z(a a, 2) fOl' n>3
" (nin(an—l—an 2) -
B, =", By=—fP(a,—ay),
() _ (2.14)
Bn n—1 a anfl) for n>3’
a, 11— an72
_ R . S, 112
C,= ﬁ:}l)co’ C,= ﬁl (al;mal)“ 1 ,
c
B ( )1IS n: 0 213
-8, (a,—a
C,= L no ] Pl for n>=3.
L" 2”( n—l_an—2)HSn—2"2

We recall that

R, R, (z R, ,(z
[ ()] ()[n A)]+aﬂﬂ[ o

S, (2} S, 1(2) S, _2(2)
for n>1,R ,=1,R;=0,S_,=0,S,=1. (2.16)
For these properties of R, S,, see [6]. For basic information on con-

tinued fractions, see, e.g., [7].

The zeros ¢, .., t, of S, are nodes for a quadrature formula with positive
weights 4,, ..., 4,, which is exact for all functions R of the form (2.1) with

n,<2g+2fori<r, n,<2g+ 1, n,<2q for i >r. Thus for such functions we
have

[ RYap(=Y 2R, (2.17)
F k=1

(See [13, 14].) This result applied to the function f(t)=(S,(t)— S,(z))/
(t — z) yields the formula

Ak

R,(2)/S,(z)= ) - (2.18)
k

=1% l
Since 3.7 _ | 4y = ¢y, it follows that the sequence {R,(z)/S,(z)} is uniformly
bounded on every compact subset of C—I.

We define the step function W, by y,(1)=> {i,:t<t,}. Then
0<y,(1)<c, for all n and 1. By Helly’s theorems it follows that every
subsequence of {,} contains a subsequence {¥,.,} which converges to



154 OLAV NJASTAD

a solution ¢ of the ESMP associated with the moments (1, 1), and
R,,“,,(z)/S,,(\,)(z)=j',(d|//,,',,,(t)/(z—t)) converges to F,(z) for zeC—1
[t easily follows that if the ESMP has i as its unique solution, then
{R,(z)/S,(z)} converges to F,(z), locally uniformly on C—1.

Let a,¢ I. Then for all solutions y, F, have the same power series expan-
sions at a,, hence all F, are equal. It follows that for p> 3 the ESMP has
a unique solution, and hence {R,(z)/S,(z)} converges to F,.

In Section 4 we establish monotonic convergence of certain subsequences
of {R,(2)/S,(z)}. In the proof it will not be made use of the fact (obtained
by normal families arguments) that the whole sequence {R,(z)/S,(z)} is
convergent.

For more detailed information about the functions R,, S,, R,/S, we
refer to [13-17]. The necessary results on convergence of analytic functions
can be found, e.g.,, in [19].

3. CONDITIONS ON SUBSEQUENCES OF MPA

Let p,ge N, p>q. We write
DLp,q)=DL[p. 4,21 =R, ()/S,(z) = R, (2)/S,(2). (3.1)

In the following, {n(v)} denotes a subsequence of N. Recall that

Q.(2)= 118,171 S (z).

THEOREM 3.1. Let zeR. Assume that the following conditions are
satisfied:
| Dl{n(v+1),n(v),z]| <o (3.2)

sk

v

S DLy + 1) a(v), 2] Coes 1)(2) Qo () 2= 0. (3.3)

v=1

Then Z;L: 1 I Qn(v\(z)lz = 0.
Proof. By the Schwartz inequality we obtain

2 | DIn(v+ 1), 8(v), 21 Qs 4+ 13(2) @y (2112

o 112
g{ Y ID[na[v+1),n(v),z] |}

v=1

oA 1,2
{ Z IQu(v+ll(z) Qn(v)(z)[} . (34)

v=1
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From (3.2)-(3.3) we then obtain ¥, |Q,,,(z) Qu. (2} =0, hence
also

ZlQn(v)(ZHz:w" l (35)

Remark. We note that in order to establish (3.2) it suffices to show that
the sequence {R,,,,(2)/S,,,(z)} is bounded and monotonic.

4, BOUNDED MONOTONIC SUBSEQUENCES OF MPA FoR p=3

In this section we study the subsequences {R,,,/S;, .1},
{R3,,2/S3,+2}, and {R,,,;/S;,;} in the case that p=3. Thus we have
three points a,, a,, a; where a, <a, <a,, and S(¥) =1 where I is one of
the sets [a,, a,], [g5, a5], (— 0, a,] U [a;, ).

By repeated use of the recurrence relations (2.16) we obtain the formulas

Dln,n—1,z18,(2)S,.(2)=(=1)""'a,(z)--a,(z) 4.1)
Dln,n—2,2]18,(2)=S,_,(2)b,(z) D[n—1,n-2,z] (42)
D[n,n—3,2]18,(z2}=S8, ,(2)[b,(2) b, ,(z)+a,(2)]

xD[n—-2,n-3,z]. (4.3)

Substitution from the formulas (2.11)-(2.15) yields (for n = 5)
Din,n—3,z18,(z)S,_1(2)

=[{4.(z—a, )+ B, (z—a, J)}{A4, ((z~a, )+ B, ((z~a, ;)}
(n—2,n—3,2]1S8,_,(2)S,_3(2)

D
+Cz—a,_ )z—a, ,)] (z—aNz—a,_,)

4.4)
and (when p=3)
IS, 51 I (2)
D[n,n-3,:]=—"——""—, 4.5)
: N EEINE) (
where
rn(z)=yn,l +}]n,2+))n,3+yn,4+))n,5 (46)

and
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SR e
2= (‘a) '— a)(a)( —"a,,]) ,g(:— ",,)5) (470)
Vans = — i '(“‘: ’:ﬁ‘]")(j'_(a,,”) G-1) (4.7d)
w2 1S, 41 (a,—a,_ Na,—a,_5)

n—1 —
s = : 4.
s (" “ “ Sn ’“ (an "]—’(1”72)(2—(1")2 ( 76)

In the following, 7 is one of the intervals I, =[a,,a,], I,=1[a,,a;],
Iy=(—o,a]vla;, ).

PROPOSITION 4.1. Let S(y)< I. The following implications hold:

(a) If I=1,, then D[3q+3,3¢9,z]<0 for zel;, D[3g+2,3¢g—1,z]
<0 for zel,,D[3¢+1,3¢g—2,21>0 for ze L.

(by IfI=1,, then D[3¢+3,3¢,2z]1<0 for zel;, D[3¢g+2,3¢g— 1, z]
>0 for zely, D[3q+1,3¢—2,z]1<0 for z€1,.

(c) IfI=1I,, then D[3g+3,3¢,z1>0forzel,, D[3¢q+2,3¢—1,z]
<0 for zel,, D[3q+1,3¢~2,z]<0 for z€1,.

Proof. We prove (a); the proofs of (b) and (c) are similar.
For n=3g+ 3 we may write

1 [3("7)1 (nzz
S"(Z):(z—a;)‘“‘ ey Tyt (4.8a)
l E,",V 1) /}E'Hi 1)
Su (@)= (z—a,z)"“ (:_;)q+ (4.8b)
1 (n— 2] B(n 2)
Sniz(ﬂ:(h’““l)"“ (‘_a3)4+(z__az)4+ o (458¢)

We consider the case that g is even, the argument for odd ¢ is similar. Note
that n is odd when ¢ is even.
Since 1/(z—a;)**' is the dominating term in S,(z) near as,
" /(z—ay)?*! is the dominating term near a,, and B ,/(z—a,)** " is

the dominating term near a,, and since all the zeros of S, lie in (a,, a,),
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we find that S,(z)>0 for z>a,, S,(z) <0 for ze(a,, as), S,(z)>0 for
z <a,. From this it follows that 8!” <0 and 8!, <0.

By similar arguments we see that S, _4(z)>0 for zel; and that
B <0, B >0, B <0, B <0,

It follows that all the terms y, ., k=1, 2, 3,4, 5, are negative for ze[,,
hence D[3g+ 3,3¢,z]<0 for ze/;.

The arguments for n =3¢+ 2 and n=3g+ 1 are similar. |

ProrosiTION 4.2,  Let S(y) = 1. The following implications hold:
(@) If I=1,, then E,, 3(z,y)>0 for zely, Es, 5(z,¥)>0 for
zely, Ey, (2, ¥) <0 for zel,.
(b) If I=15, then Ey  5(z,¢)>0 for z€ly, E;3 ,,(z¢)<0 for
zely, Es (2, 9)>0 for zel,.
(c) If I=1I;, then E;  5(z,¥)<0 for zel, Ey ,5(z,¢)>0 for
zel,, Ey 1 (z,¥)>0 for zel,.

Proof. This follows easily from (2.10). |

THEOREM 4.3. Let I=1I, be one of the intervals I,,1,,1;, and let
S(y)< 1. Then each of the subsequences {R;,.1/Ss, 3}, {Ray,2/S3,42}
{Rs,+1/S3,+1} converges monotonically to a limit in each of the two
remaining open intervals I,, j # k.

Proof. This follows immediately from Proposition4.1. and Proposi-
tion4.2. |

Remark. We recall that Theorem 4.3 implies that each of the sub-
sequences in that theorem satisfies the condition (3.2) of Theorem 3.1
(with v replaced by gq).

5. CARLEMAN TYPE CONDITIONS FOR SUBSERIES OF ¥ | @, (2)|?

n=1

As in Section 4 we consider the situation that p=3, a,<a,<a,, and
S(y) < I where [ is one of the Stieltjes intervals I, = [a,, a,], I, =[a,, a;],
Iy=(-00,a,]u[a;, ).

PROPOSITION 5.1. The following inequalities hold for z ¢ {a,, a,, as}: (a)
liminf, |5, , ,(z)| >0, (b) liminf, | 5, ,,(2)] >0, (c) liminf, | ', (z)| > 0.

Proof. Let t\™, ..., t'") be the zeros of S, (z). We see from (2.3)-(2.5) that
we may write

_ BE}M(Z __ t(l”)) . (z _ t:,’”
N,(z)

S,(2) (5.1
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Comparison of (2.5) and (5.1) gives

(= IIT]"' ’*_'l((aa— a,'("';{) : (52)

where s, =g+ 1 for m<r, s, =q for m>r.
We also obtain

(n)
(n)y __ fain) lel (arfl—t"’,l )
-1~ Fo
" l_lmaér— ](arArl—am)Jm

(5.3)

hence also

I—I::'Al(ar;l_t("))‘n,"#r(ar-am)jm (54)

ﬁ(n‘)l: —,
! H:;z‘l a, —[(")) I—Im#r I(ar~]_am)-‘m

Similarly we get
_l(ar—Z t(")) Hm#r(a )

By, = " - (5.5)
I—[mﬁl ’l ) Hm#rf a, . Z_am)-m

(recall that a,_;=a,).
From these formulas follow

{n) {(n--1)

n -2¥n-3
(n-1)
n-2
_ — —1 _
U A e F A D B e O S ) U (N C e
= — —
:lnzl (a t(n)) I—Imﬁl I-t:rl: )) Hnm=ll (ar—th'n’: ”)
(5.6)
(n) =1 (n—1)
(n} (n—»ll_nm-l(arfl t"':) :'n—l( t" ) (57)
1 I — . .
g g m:l(ar—tir,:))n:t=ll (ar—l‘,(n,: ))
The zeros of S, _, separate those of S, (see [16]), hence
ﬂlnl (n 1) Ia ,— tgl)
n—3 r—
- (5.8)
Bln ! g ‘ar—’g(l))
where ") and () are ¢\ or ¢\,
Similarly
()
P T L Rk 1
'ﬂn"fl 11"73 > |a |n)' (59)
r
and
_ ) gyt )
| (") lenf Hﬂ(n—.") (a’ o1 ’O )(a’ -2 10 ) (510)

(a,— ;" Na, —1§")
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Now assume /=1,. If n=13g+2 then r=2. Since all the zeros of S, lie
in 7, it follows from (5.8) that there is a positive constant 4 such that

ﬂ(3q+2)ﬂ(3q+ 1)

—”?(33?,%— >4 for all g, (5.11)
o

Similarly when n=3g+ 1, then r=1, and it follows from (5.9) that there
is a positive constant B such that

|BGar Bl ,|>B  forallg, (5.12)

and if n=3¢+ 3 it follows from (5.10) that there is a positive constant C
such that

|BL BB D 2 C for allg. (5.13)

3¢+ 2 3g+1

Since all the terms vy, ., k=1, 2, 3, 4, 5, have the same sign, it follows that
liminf, |, , ,(z)( >0, liminf, (I, ,(z)| >0, and liminf, [ /5,(z)] >0.

The arguments in cases I=171, and I=1; are similar. (Note that if
I=1I; and lim, " =00 or lim, "' = —cc, then also (5.4)-(5.5) is used
directly.) {

PROPOSITION 5.2. Let S(y)<I and zeR—1,:z¢{a,, a,,a,}. The
Sfollowing implications hold:

(a) Ifz (l"S“" ) = o0 then Z 104, (2)]1? = oc. (5.14)

g=1 'S3q+3“ g=1

b 1Y ('S”“”) —w then ¥ |Qsyea()P=c0.  (5.15)

g=1 ”S3q+2“ g=1

Y 172
© #Y (152 = ten 310w G =% (516)
S\ IS5l el
Proof. Assume, e.g., that (5.14) is satisfied. By Theorem 4.3 the condi-
tion (3.2) of Theorem 3.1 is satisfied when n(g) =3¢ + 3.
It follows from (4.5 that

IS5,
1S3l

So by (5.14) and Proposition 5.1 we conclude that the condition (3.3) of
Theorem 3.1 is satisfied.

Similarly the conditions (3.2) and (3.3) of Theorem 3.1 follow from
(5.15) and from (5.16).

The conclusion now follows from Theorem 3.1. {

ID[3¢+3,3q,2] Qs,,3(2) Q3,(2)| = [ 3,302 (5.17)
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THEOREM 5.3. Let S(y)cl, zeR—1 The following implications hold:
Xy e 17 =00, then £, |Q3,4,(2)]* =0, for j=0,1,2.

Proof. 1t follows from Proposition 5.2 that it suffices to show that 3°*_,

[ei] 129 = oo implies 371 (1S3, 34, l1/11 83,4, 1) =00, j=0,1,2.
We note that

R 1
18317 = [ o Su0 b0, (5.18)

hence by the Schwartz inequality

d 1/2 , 1/2 "
1S5, 1° < U T ‘/’;’))n,] -Ulsg,,(rrdw(r)] = ({12 1S, -

(5.19)
Thus
1S3l "= Les)] 12 (5.20)

By Carleman’s inequality (see, e.g., [5]) and (5.18) we then get

Z < ” S3q H ) *‘2>_1- (__.l——‘)l,rz(twflb Z [C(}) ]71‘,‘41q+1)
Ay sl e, 183443l e 2y + 1) .
(5.21)

Nagh

The sequences ¥, [ch), )1 "+ and 37, [e], 172" diverge
simultaneously (by an argument similar to that in [9, p.50]). Thus
7 1e = oo implies T2, (IS4, 5 /11 S5, )" = co.
The arguments for j=1, 2 are similar. ||

Remark. It can easily be verified that when I=1/7,, then always
oy lef P W =00, It follows from Theorem 5.3 that then

2ol leqH”(z)\Z:oo for z¢ 1 Thus if 7=1, and z¢I, the series
gt | Qsgi k4 2(2)]7 always diverges.
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